In this paper, we generalize the notions of small submodules, semisimple rings and projective modules. Hence, we introduce and study the notions of d-small submodules, d-rings and d-small projective modules.
Introduction
Throughout this paper, all rings are associative and all modules -if not specified otherwise-are right and unitary. A submodule N of a module M is called small in M, Written N ≪ M, if for every submodule L of M, the equality N+L=M Implies L = M. Then the Jacobson radical of M, written Rad(M) is the sum of all small submodules of M. A module P is called projective module if for any epimorphism ϕ: M → N and for any homomorphism ψ: P → N there is a homomorphism h : P → M suchthat ψ = ϕh. A projective cover of a module M is a projective module P together with an epimorphism f: P→M such that Ker(f) is small in P. A ring R is said to be a right perfect ring, if every R-module has a projective cover. A ring R is right V-ring if and only if Rad(M)=(0) for each right R-module. For the previous terminologies see [1] . A ring R is a right semiartinian V-ring if and only if every non-zero right R-module contains a non-zero injective submodule, a right semiartinian V-ring need not be semisinple ring [2] . A module N is called Mprincipally injective if for any endomorphism Ψ of M, and every homomorphi -sm from Ψ(M) in to N, can be extended to a homomorphism from M to N. A submodule N of M is called M-cyclic submodule if it is the image of an element of End(M) [3] .
d-small Submodules
In this section, we introduce the concepts of d-small submodules and d-ring and we investigate their basic properties. We use N ≪d M to indicate that N is a d-small submodule of M. Every small submodule is d-small submodule, but the converse is not true in general.
